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Abstract — We study entanglement-assisted quantum and classi- 
cal communication over a single use of a quantum channel, which 
itself can correspond to a finite number of uses of a channel 
with arbitrarily correlated noise. We obtain characterizations 
of the corresponding one-shot capacities by establishing upper 
and lower bounds on them in terms of the difference of two 
smoothed entropic quantities. In the case of a memoryless 
channel, the upper and lower bounds converge to the known 
single-letter formulas for the corresponding capacities, in the 
limit of asymptotically many uses of it. Our results imply that 
the difference of two smoothed entropic quantities characterizing 
the one-shot entanglement-assisted capacities serves as a one-shot 
analogue of the mutual information, since it reduces to the mutual 
information, between the output of the channel and a system 
purifying its input, in the asymptotic, memoryless scenario. 

I. Introduction 

An important class of problems in quantum information 
theory concerns the evaluation of information transmission 
capacities of a quantum channel. The first major breakthrough 
in this area was made by Holevo |[T1, (|2l, and Schumacher 
and Westmoreland IS, who obtained an expression for the 
capacity of a quantum channel for transmission of classical 
information. They proved that this capacity is characterized by 
the so-called "Holevo quantity". Expressions for various other 
capacities of a quantum channel were obtained subsequently, 
the most important of them perhaps being the capacity for 
transmission of quantum information. It was established by 
Lloyd [4], Shor [SJ, and Devetak [6]. Both of the above 
capacities require regularization over asymptotically many 
uses of the channel. The classical capacity formula is given 
in terms of a regularized Holevo quantity while the quantum 
capacity formula is given in terms of a regularized coherent 
information. 

Even though these regularized expressions are elegant, 
they are not useful because the regularization prevents one 
from explicitly computing the capacity of any given channel. 
Moreover, since these capacities are in general not additive, 
surprising effects like superactivation can occur Q, ||8l. Hence 
it is more desirable to obtain expressions for capacities which 
are given in terms of single-letter formulas, and therefore have 
the attractive feature of being exempt from regularization. 

The quantum and classical capacities of a quantum channel 
can be increased if the sender and receiver share entangled 
states, which they may use in the communication protocol. 
From superdense coding we know that the classical capacity 
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of a noiseless quantum channel is exactly doubled in the 
presence of a prior shared maximally entangled state (an ebit). 
For a noisy quantum channel too, access to an entanglement 
resource can lead to an enhancement of both its classical and 
quantum capacities. The maximum asymptotic rate of reliable 
transmission of classical (quantum) information through a 
quantum channel, in the presence of unlimited prior shared 
entanglement between the sender and the receiver, is referred 
to as the entanglement-assisted classical (quantum) capacity 
of the channel. 

Quantum teleportation and superdense coding together im- 
ply the following simple relation between quantum and clas- 
sical communication through a noiseless qubit channel: if the 
sender and receiver initially share an ebit of entanglement, 
then transmission of one qubit is equivalent to transmission of 
two classical bit^ This relation carries over to the asymptotic 
setting under the assumption of unlimited prior shared entan- 
glement between sender and receiver [13|. One can then show 
that the entanglement-assisted quantum capacity of a quantum 
channel is equal to half of its entanglement-assisted classical 
capacity. In fact, the entanglement-assisted classical capacity 
was the first capacity for which a single-letter formula was 
obtained. This result is attributed to Bennett, Shor, Smolin 
and Thapliyal (j9]- Its proof was later simplified by Holevo 
|10|, and an alternative proof was given in fTT]. A trade-off 
formula for the entanglement-assisted quantum capacity region 
was obtained by Devetak, Harrow, and Winter llT2l . ifTJl . 

The different capacities of a quantum channel were origi- 
nally evaluated in the so-called asymptotic, memoryless sce- 
nario, that is, in the limit of asymptotically many uses of 
the channel, under the assumption that the channel was mem- 
oryless (i.e., there is no correlation in the noise acting on 
successive inputs to the channel). In reality however, the as- 
sumption of channels being memoryless, and the consideration 
of an asymptotic scenario is not necessarily justified. A more 
fundamental and practical theory of information transmission 
through quantum channels is obtained instead in the so-called 
one-shot scenario (see e.g. llT4l and references therein) in 
which channels are available for a finite number of uses, there 
is a correlation between their successive actions, and informa- 
tion transmission can only be achieved with finite accuracy. 
The optimal rate at which information can be transmitted 
through a single use of a quantum channel (up to a given 
accuracy) is called its one-shot capacity. Note that a single 
use of the channel can itself correspond to a finite number 

'Without prior shared entanglement, one can only send one classical bit 
through a single use of a noiseless qubit channel. Moreover, a noiseless 
classical bit channel cannot be used to transmit a qubit. 
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of uses of a channel with arbitrarily correlated noise. The 
one-shot capacity of a classical-quantum channel was studied 
in ifTSi . [16], |,17J . whereas the the one-shot capacity of a 
quantum channel for transmission of quantum information was 
evaluated in fT4l, fTSl. 

The fact that the one-shot scenario is more general than the 
asymptotic, memoryless one is further evident from the fact 
that the asymptotic capacities of a memoryless channel can 
directly be obtained from the corresponding one-shot capac- 
ities. Moreover, one-shot capacities also yield the asymptotic 
capacities of channels with memory (see e.g. fTSl). In (19] 
the asymptotic entanglement-assisted classical capacity of a 
particular class of quantum channels with long-term memory, 
given by convex combinations of memoryless channels, was 
evaluated. The classical capacity of this channel was obtained 
in II20I . A host of results on asymptotic capacities of channels 
with memory can be attributed to Bjelakovic et al (see 11211 . 
II22J and references therein). 

In this paper we study the one-shot entanglement-assisted 
quantum and classical capacities of a quantum channel. The 
requirement of finite accuracy is implemented by imposing 
the constraint that the error in achieving perfect information 
transmission is at most e, for a given e > 0. We completely 
characterize these capacities by deriving upper and lower 
bounds for them in terms of the same smoothed entropic 
quantities. 

Our lower and upper bounds on the one-shot entanglement- 
assisted quantum and classical capacities converge to the 
known single-letter formulas for the corresponding capacities 
in the asymptotic, memoryless scenario. Our results imply that 
the difference of two smoothed entropic quantities character- 
izing these one-shot capacities serves as a one-shot analogue 
of the mutual information, since it reduces to the mutual 
information between the output of a channel and a system 
purifying its input, in the asymptotic, memoryless setting. 

The paper is organized as follows. We begin with some 
notations and definitions of various one-shot entropic quanti- 
ties in Section |ll] In Section [III] we first introduce the one- 
shot entanglement-assisted quantum communication protocol 
and then give upper and lower bounds on the corresponding 
capacity in Theorem [8] The proof of the upper bound is given 
in the same section, whereas the proof of the lower bound 
is given in Appendix B. The case of one-shot entanglement- 
assisted classical communication is considered in Section |IV] 
and the bounds on the corresponding capacity is given in 
Theorem [13] the proof of which is given in the same section. 
In Sectionlv] we show how our results in the one-shot setting 
can be used to recover the known single-letter formulas in 
the asymptotic, memoryless scenario. Finally, we conclude in 
Section [VI] 

II. Notations and Definitions 

Let B{'H) denote the algebra of linear operators acting on 
a finite-dimensional Hilbert space H, and let 'D{H) C B{H) 
be the set of positive operators of unit trace (states): 



Furthermore, let 

V<{H) :={peSCH):Trp<l}. 

Throughout this paper, we restrict our considerations to finite- 
dimensional Hilbert spaces and denote the dimension of a 
Hilbert space Ha by \A\. 

For any given pure state \tp) G H, we denote the projector 
simply as ijj. For an operator uj^^ e B{'Ha ® T~1-b), 
let uj^ := Ttboj^^ denote its restriction to the subsystem 
A. For given orthonormal bases and {\i^)}f^i in 

isomorphic Hilbert spaces Ha — Hb — H of dimension d, 
we define a maximally entangled state (MES) of Schmidt rank 
d to be ^ 

^ i—l 

Let 1a denote the identity operator in B{'Ha), and let t'^ := 
Ia/I^I denote the completely mixed state in 'D{Ha)- 

In the following we denote a completely positive trace- 
preserving (CPTP) map £ : B(%a) ^ B{'Hb) simply as 
£^^^ , and denote the identity map as id. Similarly, we denote 
an isometry U : Ha ^ ® T^c simply as U^^^'~^ . 

The trace distance between two operators A and B is given 

by 

\\A B\\, := Tr[{A > B}{A~B)\ -Tr[{A < B}{A-B)l 

where {A > B} denotes the projector onto the subspace where 
the operator {A — B) is non-negative, and {A < B} := I — 
{A > B}. The fidelity of two states p and cr is defined as 

F{p, cr) Tr ^Tp^^^Tp ^ \ ^Tp^X 1 • (2) 

Note that the definition of fidelity can be naturally extended 
to subnormalized states. The trace distance between two states 
p and a is related to the fidelity F(yO, u) as follows (see 
e. g. 123): 

<\\p-o\^ < ^1-F^p,a). (3) 

The entanglement fidelity of a state p'^ E 2?('Hq), with pu- 
rification with respect to a CPTP map A : B{'Hq) 
B{Hq) is defined as 

F,{pQ,A) := (*^^|(id^®y^)(|*)(*|^«)|*^'5). (4) 

We will also make use of the following fidelity criteria. The 
minimum fidelity of a map T : B{H) H> B{H) is defined as 

Fn^iniT) := niin (0|r(|0>(0|)|0). (5) 
The average fidelity of a map T : B{H) ^-^ B{H) is defined 

i^av(r) J dmni^i^MM- (6) 

The results in this paper involve various entropic quantities. 
The von Neumann entropy of a state p^ £ 'D{'Ha) is given 
by H{A)p = — Tr p'^ log p'^ . Throughout this paper we take 
the logarithm to base 2. For any state p^^ e 'D{Ha <8) "Hb) 
the quantum mutual information is defined as 



ViU) = {peB{n) : Trp= 1}. 



I{A:B)p:^H{A)p + H{B)p-H{AB)p. (7) 
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The following generalized relative entropy quantity, referred 
to as the max-relative entropy, was introduced in f24^: 

Definition 1: The max-relative entropy of two operators p E 
V<(n) and (T e B{n) is defined as 



ABE 



-Dmax(p||cr) log min{A : p < Act}. 



(8) 



We also use the following min- and max- entropies defined in 

m\, 1261, m-. 

Definition 2: Let p"^^ G V^iV-A i8) "Hs). The min-entropy 
of A conditioned on B is defined as 

Definition 3: For any p £ !){%), we define the e-ball 
around p as follows 

B'{p) = {-p£V<{n) : F\p,p)>l- e^}. 

Definition 4: Let e > and p^^ e VCHa ® Ub)- The 
e-smoothed min-entropy of A conditioned on B is defined as 



H^^MB)p = 



max Hi-nin{A\B)p. 



The max-entropy is defined in terms of the min-entropy via 
the following duality relation 



ABC 



Definition 5: Let p^^ G VCHa '^'Hb) and let p 
'D{'HA®T~iB®T~ic) be an arbitrary purification of p"^^ . 
for any e > 

^max(^|C')p -^min(^|-S)p. 

In particular, if p^^ is a pure state, then 

-f^min(^|-S)p = -^max(^)p- 

For any state p"^^ G 'D{'Ha(S)'Hb), the smoothed max-entropy 
can be equivalently expressed as ||25J . li28J 



Then 



(9) 



(10) 



where 



min i?max(^|^)p, 



i?max(A|B)p= max 2l0gi^(p^^,lA®'T 

Moreover, for any p^ e 'D<{'Ha), 

i?max(^)p :=21ogTrv/p^. 



(11) 



(12) 



(13) 



Various properties of the entropies defined above, which we 
employ in our proofs, are given in Appendix |A] 

III. One shot Entanglement-Assisted Quantum 
Capacity of a Quantum Channel 

Entanglement-assisted quantum information transmission 
through a quantum channel is also referred to as the "father" 
protocol 1 12 1, |13|. The goal of this section is to analyse 
the one-shot version of this protocol. In order to do so, 
we first study the protocol of one-shot entanglement assisted 
entanglement transmission through a quantum channel, which 
is detailed below. We obtain bounds on its capacity in terms 
of smoothed entropic quantities, and then prove how these 
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Fig. 1. One-shot entanglement-assisted entanglement transmission protocol. 
The task here is for Alice to transmit her half of the maximally entangled 
state Ao, that she shares with an inaccessible reference K, to Bob with the 
help of a prior shared maximally entangled state |<I))-*i^i between her and 
Bob. In order to achieve this goal, Alice peii'orms an encoding operation E 
on systems AqAi, and sends the resulting system A! through the channel M 
(with Stinespring extension JTv). Bob then performs his decoding operation 
25 on the channel output B and his half of the maximally entangled state B\ 
so that finally the maximally entangled state |'I>)^'*o is shared between Bob 
and the reference R. The dashed rectangle denotes the CPTP map E defined 
through equation {16} . 



bounds readily yield bounds on the capacity of the one-shot 
"father" protocol. 

The one-shot e-error entanglement-assisted entanglement 
transmission protocol is as follows (see Fig.[T]i. The goal is for 
Alice to transmit half of a maximally entangled state, \^)-^^°, 
that she shares with a reference R, to Bob through a quantum 
channel Af, with the help of a maximally entangled state 
I $^^1^1 which she initially shares with him, such that finally 
the maximally entangled state \^)^^° is shared between Bob 
and the reference R. We denote the latter as $^^0 to signify 
that Alice's system ^0 has been transferred to Bob. Note 
that loglvlil denotes the number of ebits of entanglement 
consumed in the protocol and log|ylo| denotes the number 
of qubits transmitted from Alice to Bob. We require that 
Alice achieves her goal up to an accuracy e, for some fixed 
< e < 1. 

Let Alice and Bob initially share a maximally entangled 
state Without loss of generality, a one-shot e-error 

entanglement-assisted entanglement transmission code of rate 
r = log|y4o| can then be defined by a pair of encoding and 
decoding operations {£,T>) as follows: 

1) Alice performs some encoding (CPTP map) £^'>^i-^^ . 
Let us denote the encoded state as 

^BiRA' ^ ^^^BiR ^^AoAi-^A'^^(^^AoR ^ ^AiBi-^^ 



and denote the channel output state as 

^^^B.RBEE, ^ (j^^^ ^ ^A:^BE-^^^^B,RA'E, 



(14) 



where -^be ^ Stinespring extension of the quan- 
tum channel J\f^ and \^'^BiRA Ei some purifica- 
tion of the encoded state ^^i^-^ . 
2) After receiving the channel output B, Bob performs a 
decoding operation x>BiB^BaB j-j^g systems Bi,B 
in his possession. Denote the output state of Bob's 
decoding operation by 

f^BoB'REEi (id-'^-BBi ^j^BiB^BoB'-^^^BiRBEEi^ 

(15) 

For a quantum channel J\f, and any fixed < e < 1, a real 
number r :— log |ylo| is said to be an e-achievable rate if there 
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exists a pair (£, V) of encoding and decoding maps such that, 

Fe(T^",I?o7Vof) = ($«'4o|^flBo|$flAo^ > l-£, (16) 

where V = Ttb' oV, h^^'> Trs-BB^ and 
gAo^A'Bi jjjg (-p-pp jj^^p defined through the relatioij^ 



Note that 



(id"^^i 



17 



(id^ (g)X>o7Vof)($ 



RAo 



Definition 6 (Entanglement transmission fidelity): For any 
Hilbert space > the entanglement transmission fidelity of a 
quantum channel Af, in the presence of an assisting maximally 
entangled state, is defined as follows. 

Fe(AA,HAo) :=maxFe(r'4»,5oAAo£), (17) 

where denotes a completely mixed state in HAtr 
V are CPTP maps. 

Definition 7: Given a quantum channel and a real 

number < e < 1, the one-shot e-error entanglement-assisted 
entanglement transmission capacity of J\f is defined as follows: 

E^lliU) max{log \Ao\ : F,{Af,HAo) > 1 - e}- 

Our main result of this section is the following theorem, 
which gives upper and lower bounds on Ecl.]e (A/") in terms of 
smoothed min- and max- entropies. 

Theorem 8: For any fixed < e < 1, k = 2\/2\/A£, and 
e' being a positive number such that e 

the one-shot e-error entanglement-assisted entanglement trans- 
mission capacity of a noisy quantum channel in the 
case in which the assisting resource is a maximally entangled 
state, satisfies the following bounds: 



max - 



max 



2 lege' 
a/2 



log 



(18) 



where the maximisation is over all possible inputs to the 
channel. In the above, tp^^^ denotes the following state 



1^) 



ABE 



(19) 



where ^be ^ Stinespring isometry realizing the chan- 
nel, and \(f))^^ denotes a purification of the input cj)^ to the 
channel. 



Proof of the lower bound in ( 18 L The proof is given in 
Appendix |B] 

Proof of the upper bound in (|7S|. As stated in the begin- 



ning of Sec. Ill any one shot e-error entanglement-assisted 
entanglement transmission protocol (see Fig. [T]) of a quantum 
channel N consists of a pair (£,2?) of encoding -decoding 

-This relation uniquely defines the map E because it specifies its Choi- 
Jamiolkowski state. 



maps such that the condition ( [T6| holds. However, this con- 
dition along with Theorem 4 of 1 30 1 imply that there exists a 
partial isometry y^"^^ such that 



F^ir^^AoV) > 1 - 2e, 



(20) 



where A := VoN, with N = being the channel and 

D being the decoding map t^bBi^BoB followed by a partial 



trace over B' . The condition (20 1 in turn implies that 

p^P^RBo ^(^RAa 

where 



> 1 - 2e, 



(21) 



RBo 



= (id'^(g)X>o7Voy)($^^°) 



By using Uhlmann's theorem |29l . and the second inequality 
in ([3]l, we infer from ( pTj l that 



||^Boi3flB_$flSo^^B£;||^ <2V2V4e, (22) 

for some state ^ , where Vl^"^ denotes the output state 
of Bob's decoding operation, which in this case is defined by 

^BoB'RE _ (^-^RE ^^B^B^BoB'-^pB^B.BE^^ (23) 

with 

P^B.RBE ^ (jB,B. ^ ^^^BE-^^^^RA'B, (24) 

where 1^)^"^ denotes the state resulting from the isometric 
encoding V on l^)^-^". 

By the monotonicity of the trace distance under the partial 
trace, we have 



in 



RE 



|i < 2V2V4^ 



(25) 



From (23 1 it follows that = il^^, since the decoding 

map does not act on the systems R and E. This fact, together 
with (S implies that ® G S^^(f7^^) and t" e 



Let us set A = RBi in the state Jl^^i^^ defined in ( |24| , 
and let e' > and e" = 2^^. Then 



e+2e'+e" 



h: 



max 



{A\B)n 
{RBi\E)n 



> 



K,,,AR\Eh + Hl^{B,\RE)n - log ■ 



> H^nniR)r + H'^,,,,{B^\RE)n - log ^ 

e^ 

> Hn,in{R)r + H<^^{Bi\RE B)n - log 4 

e^ 

2 

= -ffmm(-R)r - ^^max(-Sl)f2 ~ log ^ 

e^ 

2 

> log 1^0 1 -log 1^1 1 -log— . 



(26) 



The first equality holds because of the duality relation (j9]) 
between the conditional smoothed min- and max- entropies. 
The first inequality follows from the chain rule for smoothed 
min-entropies (Lemma [19]). The second inequality follows 



from Lemma 



20 



of Appendix A and <g)a^ & B'^^{n"-^), 
whereas the third inequality follows from Lemma |2T| of 
Appendix A. The second equality follows from the duality 
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relation ^ and the fact that fi^^i^^ is a pure state. The last 
inequality holds because 

log|Ao| - l0g|i?| =i/n.in(i?)r 

log I All = loglSil >i/,l,(Si)o. 
Moreover, for any e > 0, 

i?mi„(A)o > i?mi„(i?Bl)r®r = log \Ao\ + log \Ai\ (27) 

since il^^i = (g) t^i. Combining (|26]l and (pTl and 



choosing e' — e yields 

log \Ao\ < I \H-^-Mn ~ H^^+J^^{A\B)n\ + log 



This completes the proof of the upper bound in (|T8]l since we 
can choose il^^^^^ to be the pure state corresponding to the 



channel output (see ( 24 1) when the optimal isometric encoding 
is applied. 

A. One-shot entanglement-assisted quantum (EAQ) capacity 
of a quantum channel 

Definition 9 (Minimum output fidelity): For any Hilbert 
space %, we define the minimum output fidelity of a quantum 
channel M, in the presence of an assisting maximally 
entangled state, as follows: 

Fmin(A/','H) :=max min F^{\(l)) ,V o M oE{\(j3){(l)\)), (28) 

where £, T) are CPTP maps. 

Definition 10: For any fixed < e < 1, the one-shot 
entanglement-assisted quantum (EAQ) capacity Qoa^elA/") of 
a quantum channel is defined as follows: 

QiZi^) - max{log \n\ : F„,i„(AA,H) > 1 - e}. (29) 

The following theorem allows us to relate the one- 
shot entanglement-assisted entanglement transmission capac- 
ity EiZ{Af) to the one-shot entanglement-assisted quantum 
(EAQ) capacity Q^iliM). 

Theorem 11: For any fixed < e < 1, for a quantum 
channel and an assisting entanglement resource in 

the form of a maximally entangled state, 

EgliM) 1 < Qil],M) < E^U^)- (30) 
Proof: The proof is given in Appendix [C] ■ 

IV. One shot Entanglement- Assisted Classical 
Capacity of a Quantum Channel 

We consider entanglement-assisted classical (EAC) commu- 
nication through a single use of a noisy quantum channel, 
in the case in which the assisting resource is given by a 
maximally entangled state. The scenario is depicted in Fig. [2] 
The sender (Alice) and the receiver (Bob) initially share a 
maximally entangled state \^)^^^^, where Alice possesses Ai 
while Bob has Bi, and Hai — T~Lbi- The goal is for Alice 
to transmit classical messages labelled by the elements of the 
set JC — {1, 2, • • • , |/C|} to Bob, through a single use of the 
quantum channel M : B{T-La') — > B{T-Lb), with the help of 
the prior shared entanglement. 







~ A 


k 









Fig. 2. One-shot entanglement-assisted classical communication. The sender 
Alice shares a maximally entangled state |<I>)^i^i with the receiver Bob 
before the protocol begins. Based on the classical message k, she performs 
some encoding operation Sf^ on her half of the maximally entangled state 
Ai before sending it through the quantum channel A^. After receiving the 
channel output B, Bob performs a POVM A on the system B and his half of 
the maximally entangled state Bi in order to infer Alice's classical message. 



Without loss of generality, any EAC communication proto- 
col can be assumed to have the following form: Alice encodes 
her classical messages into states of the system Ai in her 
possession. Let the encoding (CPTP) map corresponding to her 
fc*'* classical message be denoted by S^'-^^ , for each k ^ JC. 
Alice then sends the system A' through the noisy quantum 



channel H' 



A'^B 



After Bob receives the channel output B, he 



performs a POVM A : BiB ^ K on the system BiB in his 
possession, which yields the classical register K containing 
his inference k of the message k E JC sent by Alice. 

Definition 12 (One-shot e-error EAC capacity).- Given a 
quantum channel and a real number < e < 1, the 

one-shot e-error entanglement-assisted classical capacity of 
M is defined as follows: 

C^a?e(A/') — max{log |A:| : Vfc e /C, Pr[/c ^k]<e} (31) 

where the maximization is over all possible encoding opera- 
tions and POVMs. 

The following theorem gives bounds on the one-shot e-error 
EAC capacity of a quantum channel. 

Theorem 13: For any fixed < e < 1, the one-shot e-error 
entanglement-assisted classical capacity of a noisy quantum 
channel , in the case in which the assisting resource 

is a maximally entangled state, satisfies the following bounds 



^min(^)'/ 



Hmin{A)-4, 



H^^+^^{A\B\ 



4 lege" - 2 



log 



2^/2e 



(32) 



where the maximization is over all possible input states, 
to the channel, k' = 2\/8-y/e and e" > is such that 
e^ = \j2\j21s" + 27e". In the above, V^^^ is the pure state 
defined in ([19|. 



A. Acheivability 

The lower bound in ( 32 1 is obtained by employing the one- 
shot version of the entanglement-assisted quantum communi- 
cation (or "father") protocol. 

From Theorem [8] and Theorem [TT| it follows that the one- 
shot e-error entanglement-assisted quantum communication 
protocol for a quantum channel M that consumes e^^' ebits 
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of entanglement and transmits qi^^ qubits can be expressed in where 
terms of the following one-shot resource inequality: 



=(1) 



[qq] >e qi^^iq^q] 



(33) 



Here [q ^ q] represents one qubit of quantum communication 
from Alice (the sender) to Bob (the receiver); [qq] represents 
an ebit shared between Alice and Bob, and the notation >^ is 
used to emphasize that the error in achieving the goal of the 
protocol is at most e. In the above, e^^^ and qi^\ given below, 
respectively, follow from ([80| and ([ST): 



(34) 



- +21oge'-l, (35) 



where e' > is such that e = \/2\jTle' + 27e', and i/)^^^ 
is defined in ( [T9| ). 



The resource inequality (33 i readily yields a resource in- 
equality for one-shot EAC communication through a noisy 
quantum channel, which in turn can be used to obtain a 
lower bound on the one-shot EAC capacity. This can be seen 
as follows. Combining ( [33] l with the resource inequality for 
superdense coding: 

\qq\^\q^q\ > 2[c^c], 

yields the following resource inequality for one-shot EAC 
communication through the noisy channel JV = JV^ 



(M) + [qq] + e^p [qq] >, q^^^ [q^q]+ qP [qq] 

>^2g(i)[c-^c]. 
^ (AA) + + ei^y)[qq] >^ 2g(l) [c ^ c]. (36) 



Replacing e by e'^ in ( 36 1 directly yields the following lower 
bound on the e-error one-shot EAC capacitjj^ 

c^^ilW > 2qil'> 

- - H^JUa\B)^] + 4 logs" - 2, 

(37) 



where e" is as defined in Theorem 13 Note that (37i reduces 
to the lower bound in ( 32 1 when the optimal input state (p^ 
is used. 



B. Proof of the Converse 



We prove the upper bound in (32i by showing that if it 
did not hold then one would obtain a contradiction to the 
upper bound (in ( [T8] l) on the one-shot entanglement-assisted 
quantum capacity of a channel. 

Let us assume that 



(AA) > A(2e,AA), 



(38) 



'The necessity of replacing e by arises from the different fidelity criteria 
used in defining the one-shott entanglement assisted quantum and classical 
capacities (see j28| and j31| ) 



A(2e,AA) 



log 



2^/2e' 



(39) 



with k' := 2-\/8-\/e, ijj^^^ being given by ( 19 1, and the max- 
imization being over all possible input states to the channeQ 
This is equivalent to the assumption that more than A(2e, A/") 
bits of classical information can be communicated through a 
single use of J\f with an error < e, in the presence of an 
entanglement resource in the form of a maximally entangled 
state. 

Now since unlimited entanglement is available for the 
protocol, we infer that by quantum teleportation more than 
A(2e,A/')/2 qubits can be transmitted over a single use of 
J\f with an error < 2e. Then from the definition (|29l) of 



the one-shot 2e-error entanglement assisted quantum capacity 



Qi^^2e(-^) of the channel AA, it follows that Qea!2e(-^) > 
A{2e,Af)/2. However, this contradicts the upper bound to 



Qi22ei-^) as obtained from (|30| and (|l8i 



V. Entanglement-assisted classical and quantum 
capacities for multiple uses of a memoryless 
channel 

A. Entanglement-assisted classical capacity for multiple uses 
of a memoryless channel 

Definition 14: We define the entanglement-assisted classi- 
cal capacity in the asymptotic memoryless scenario as follows: 



CT,{N) := limliminf-CW, 

e— S-O n— >oo n 



(AA®") 



where daL(A/'®") denotes the one-shot e-error EAC capacity 
for n independent uses of the channel JV. 

Next we show how the known achievable rate for EAC 
communication in the asymptotic, memoryless scenario can 



be recovered from Theorem 13 We also prove that this rate 
is indeed optimal ||9J, LIOJ . 

Theorem 15: ||9l, ifTOll The entanglement-assisted classical 
capacity in the asymptotic memoryless scenario is given by 
the following: 



max 



HA : B\ 



(40) 



where the maximization is over all possible input states to the 
channel TV, is defined in (19i, and I{A : B)^ denotes 

the mutual information of the state ip^^ :— Tr^-!/;^^'^. 



Proof: First we prove that 

C,^(AA)> max I{A:B)^. 



(41) 



'*The factor of 2 in front of e arises from the different fidelity criteria 
used in defining the one-shott entanglement assisted quantum and classical 
capacities (see {2S\ and {31) ), and the relation jsj between the fidelity and 
the trace distance. 
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From the lower bound in Theorem \T3\ we have 

C,^(AA)>limlminf-( ^max 



^mlx(^"l^"kJ+41og£"-2 



where is defined as 



A"B" 



(id^"®AA^")(0'^"^'") 



(42) 



denotes a purification of the input state 



where 

and e" is as defined in Theorem 13 By restricting the 
maximization in the above inequality to the set of input states 
of the form (0^')^" 

C^{J^) > limliminf-f max 



-i/^,,(A"|i?")^«„]+41oge"-2 (43) 



where ?/; is defined through (19 1. Let Tp^^ be the state such 
that 

I{A : B)^ = max I{A : B)^. 

Further restricting to the state ^p^^, we can obtain the follow- 
ing from ( |43| ) 



C-(AA) > limliminf-[i/„^';„(v4« 



-i/5::,(A"|i3")^«„+41oge']. (44) 

Then from the superadditivity of the limit inferior and the fact 
that the limits on the right-hand side of the above equation 
exist ll26l. we obtain 



1 



C-(AA) > lim^ lim 



Ti—>oo n 



1 



lim liin -iJf„,JA"|i3")^ 



(45) 



Finally, by using Lemma |22| we obtain the desired bound (41 

CrA^)>H{A)^-H{A\B)^ 
= I{A : B)^. 

Next we prove that 



C-(AA)< ,max I{A:B)^. 



(46) 



From the upper bound in Theorem 13 we have 



1 



{U) < lim lim inf - max [H^,^ (^")^„ 



log 



2^26 



Using Lemma 23 we obtain 

Cf^(A/') < limliminf-f max [H{A"U - 

i/(A"|B")^J+/(£,n)), (47) 



where 



/(e,n) := log 



2V2e 



256£log|yl"| +4/i(48£). 



In the above, we have used the notation h{r]) to denote the 
binary entropy for any < 77 < 1. The fact that the limit 
inferior is upper bounded by the Umit superior and the latter 
is subadditive, and the fact that 



lim lim sup —f{e, n) — 0, 

^ n — >oo 



imply that 



C^i-M) < lim lim sup- 



max [H{A'')^ 



F(A"|B"),0j . (48) 



The above equation reduces to 

C-(AA) < lim - ( max [/(A" : B^%J 



since the limit in (48l exists, and -^(^"15")^ 



/(yl" : B")^„. Using eq.(3.24) of f3Tl we infer that /(A" : 
_B") 0^ is subadditive since the channel from whose action the 
state (defined by (42 1), results is memoryless (i.e.. A/"**"). 
This yields 

C::{Af)< max I{A : B)^. (49) 



B. Entanglement- assisted quantum capacity for multiple uses 
of a memoryless channel 

Definition 16: We define the entanglement-assisted quan- 
tum capacity of a quantum channel J\f in the asymptotic 
memoryless scenario as follows: 

Q-(AA) := lim liminf ioaUA/"^") 

where Qia!e(A/'®") denotes the one-shot e-error entanglement- 
assisted quantum capacity for n independent uses of the 
channel Af. 

Theorem 17: lfT3l The entanglement-assisted quantum ca- 
pacity of a quantum channel M in the asymptotic, memoryless 
scenario is given by 



g-(AA)= max ll{A:B)^ 



(50) 



where ip^^^ is defined in ( 19 1, and the maximisation is over 
all possible input states to the channel . 

Proof: The proof is exactly analogous to the proof of 
Theorem [15] ■ 
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VI. Conclusions 

We established upper and lower bounds on the one-shot 
entanglement-assisted quantum and classical capacities of a 
quantum channel, and proved that these bounds converge to the 
known single-letter formulas for the corresponding capacities 
in the asymptotic, memoryless scenario. The bounds in the 
one-shot case are given in terms of the difference of two 
smoothed entropic quantities. This quantity serves as a one- 
shot analogue of mutual information, since it reduces to the 
mutual information between the output of a channel and a sys- 
tem purifying its input in the asymptotic, memoryless scenario. 
Note that it is similar in form to the expression characterizing 
the one-shot capacity of a c-q channel as obtained in |16|. 

There are some other quantities in the existing literature 
on one-shot quantum information theory which could also be 
considered to be one-shot analogues of mutual information, 
namely, the quantity characterizing the classical capacity of 
a c-q channel 1,15J which is defined in terms of the relative 
Renyi entropy of order zero, and a quantity characterizing 
the quantum communication cost of a one-shot quantum state 
splitting protocol |32|, which is defined in terms of the max- 
relative entropy. It would be interesting to investigate how 
the quantity arising in this paper and these different one-shot 
analogues of the mutual information are related to each other. 
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Appendix A 
Useful Lemmas 

We make use of the following properties of the min- and 
max-entropies which were proved in |25|, |33|: 

Lemma 18: Let < e < 1, p^^ e 'D<{'Hab), and let 
jjA-^c yB^D isometrics with uj^^ := {U ® 

V)p'^^{W (^V"^), then 

Lemma 19 (Chain rule for smoothed min-entropy): 
Let e > 0, e', e" > and p^^^ e T){Habc)- Then 



e+2e'+e" 



Lemma 20: Let e > and S > 0. Then 

H'J^iA\B), > Hi^^{A), (51) 

whenever p^^ e B^{a^ ® g^) for some e V{'Ha) and 
e ViUB). 

Proof: For p G V{'H) and a e V<{H), define 



This quantity C(p, a) was introduced in ll35l and proved to 
be a metric. It is monotonic under any CPTP map £, i.e., 

C{p,a)>C[£{p),£{a)). (53) 

Moreover, if p, cr e T>{H), then 

C{p,<j) < ^\\p-a\\,. (54) 

This follows by noting that C{p, a) is a special case of the 
purified distance P{p, cr) (introduced in ||25| ). which satisfies 
these properties. 

For any G B^{a^), we have 

<S + e (55) 
In other words, Vct"^ £ B^{a^), the following is true: 

We then have 

= max iJniin(^|^)p 

= max max l-DmnA-^^ Q^W^A 'P^)] 
> max [-D^,^^{a'^® q^WIa® Q^)] 

= max i/,nin(^)g=A 

= hLMo. (56) 

The first inequality follows because ® <E B^^^ {p^^) 
for any e B^{(j^). The second inequality follows because 
we choose a particular </j^ = . 

■ 

Lemma 21: 125] Let < e < 1 and p^^*^ G T)<{Habc)- 
Then 

Hl,^{A\BC)p < HlMB)p 
Hl,^{A\BC)p < Hl^M\B)p. 

The following identity is given in Theorem 1 of 12611 : 
Lemma 22: \/p^^ G V{nA ^Ub), 

lim lim -i/f„i„(A|B)p«„ = H{A\B)p (57) 

e->-0 ri-s-oo n 



lim lim -H^^^^{A\B) 6 

e— >-0 ri— i-oo n 



H{A\B)p. (58) 



C{p,a) := ^1-F^{p,a). 



(52) 



The following lemma is given in Lemma 5 of 116] . 

Lemma 23: For any 1 > e > 0, and p^^ S VCHa ^Ub), 
we have 

Ht-^^[A\B)p<H{A\B)p + 8e\og\A\+2h{2e) (59) 
Hl^M\B)p > H{A\B)p - 8elog|A| - 2h{2e) (60) 

where h{e) = — eloge — (1 — e) log(l — e). 
The following lemma is from l33| . 

Lemma 24: For 1 > e > 0, p^^ G T){nA ®Ub) and 
pA'B' g -Din A' ^Ub'), we have 

H^^,MA'\BB')p^,p,>HlMB)p+Hl,M'\B')p,. (61) 
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Appendix B 
Proof of the lower bound in (fTsl) 



We need the following one-shot decoupling lemma l34\. 
Theorem 25 (One-shot decoupling): Fix e > 0, and a 



A"-^B 



with 



completely positive and trace-preserving map J\f 
Stinespring extension ->-be ^ complementary channel 



A"^E 



Let 



lABR 



be a pure state shared among Alice, Bob, 



and a reference, and let Q^^^ := {id^ m^'^^^)cr^^" , 
where cr e 'D{T-La ®T-La") is any pure state. Then there exists 
an encoding partial isometry V^~*^ and a decoding map 

■pBB^AB gjj^jj jjj^j 



\\Nf'^^{V{4>^'^)V^)-n''®(t)% < 2y^i+62 (62) 



and 



where 

^2 = 3 X 2-M«min(^l^)^+ff;,.n(^|fi)^] + 24£. 



'52 (63) 



(64) 
(65) 



25 



with the state 



Proof: 

Identify the state (j)^^^ in Theorem 
$^-40 ^ $AiBi^ where A = AoAi,R =~~Bi and R = R. 

25 



Identify the state Q"^^^ in Theorem 

^ABE (^id^^U^ 



with 

A'^BEE^^^^AA'y 



(66) 



where U 



A'-^BE 



and Lp 



AA 



A 



is a Stinespring extension of the map 



is some pure state. 



Theorem 



25 



states that a partial isometry y-^aM-^A 



a decoding map dBiB^AqA^Bx g^ist such that 



<2V<5i+<52 (67) 



and 



\n 



AoAiBiR 



_ $^ofl (g, < 2J2y^ + S2 (68) 



where Af^ is the complementary channel induced by N, 
the state fi^oAiSifl gjygjj 
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(id'* ®VoMo y)($^o-R (g) $^1^1), 



and 



(5i = 3 X 25[^».-(^o^i)-®---f^™in(^)"] + 24£ (69) 
(52 = 3 X 2"3[^mi„(^|S)n+H,^i„(AoAi|i?)4,®^] _|_ 24^^ (70) 



If 



i/^,,(Ao^i),«,-i/;;,i„(A)n <21og£ (71) 
H'^^{A\E)n + Ht^^{AaA^\R)^^r > -2 lege (72) 



then 



5i < 21e 
8-2. < 27e. 



(73) 
(74) 



From ( pTI and the additivity of the max-entropy for tensor- 
product states, we have 

L.H.S. of ([71) < ifmax(Ao). + i?,„ax(^l)r " i?mi„(^)o 

= log |Ao| + log - (75) 
Note that ( |7T| ) (and hence also ( |73| l) is satisfied for the choice 
R.H.S. of (|75]) < 21oge. (76) 

This in turn yields 

log \Ao\ + log \A,\ < F,^,i„(A)o + 21oge. (77) 
Similarly, using Lemma |24] of Appendix A, we have 
L.H.S. of (12) 



(78) 



R.H.S. of q8}> -2 lege, 
for which (J2) (and hence also (T4\ ) is satisfied, we obtain 

log|Ao|-log|Ai| < -i/,tiax(^|S)fi + 21oge. (79) 
We further have 



> m^,^iA\E)n + Hlll{A^\R)^ + H'J,l{A^)r 

> -H^,,,^{A\B)n - log \Ao\ + log \A^\. 

Then setting 



P(^qhao^^hao^ > 1 



1, 



117 



RAn 



> 1 



where e' = \/ 2\/21e + 27e. This in turn implies that there 
exists a pair (V, 2?) such that 

(t^« , 2? o TV o £) = j?Ao ^ ^RAo ) > 1 _ 2e' 

where f = ® ^nd P := Tr;p^g-^ oP. 

Finally, from ( [77] i and ( [79| we infer that the quantum com- 
munication gain logjAol and the entanglement cost log|Ai|, 
as given below, respectively, are achievable: 



log 1^1 
log I All 



- [i?f„i„(A)n - Hl^M^U + 2 log £ (80) 



Appendix C 
Proof of Theorem[TT] 



(81) 



We employ Lemmas 26 and 27 given below, in our proof. 
Lemma |26 is obtained directly from Proposition 4.5 of f36l. 

yields a relation between the average fidelity and 



Lemma 

entanglement fidelity and was proved in |^6 | (Proposition 4.4): 
Lemma 26: For any fixed < e < 1, if T : BiH) ^ B{H) 
is a CPTP map such that 

FeiT,T) > 1-e, 

where r e B{H) denotes the completely mixed state, then 
there exists a subspace H' C H whose dim?^' = (dim'H)/2, 
and a CPTP V : B{n') ^ B{n') such that 

fmin(r') > 1 - 2 (1 - F,(r, r)) > 1 - 2e, 
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with T' being a restriction of the map T to the subspace T-L' 
(see Proposition 4.5 of f36l for details). 

Lemma 27: If m — dimH and T : B{'H) i— J- B{'H) is a 
CPTP map, then 

TO 

where r G S('H) denotes the completely mixed state. 



We now prove Theorem 1 1 



Proof: The first inequality in (30i is proved as follows. 
Let be the optimal encoding and decoding pair that 

achieves the entanglement-assisted entanglement transmission 
capacity Ecl}e{Af). We then have 



i^e(r^°,r)>l-e, 



where T 
Lemma 



V o J\f o £ (see ( 16 1 for definitions of V and £). 



26 implies that there exists a subspace H' C Hao with 



dimension dimW = \Ao\/2 and a CPTP map V : B{H') ^ 
B{T-L') (which is a restriction of the map T to the subspace 
W) such that F,nin(T') > 1 - 2e. This implies that 

To prove the second inequality in pO| , we resort to the 
average fidelity Fa.v{T) defined in (j6|l. The following relation 

i^min(r) < PUT) 

is trivial from their definitions. Suppose now that [E-V) is 
the optimal encoding and decoding pair that achieves the 
entanglement-assisted quantum capacity q''^^^,{N). We then 
have 



27 



where T '■'DoM oE. Finally, Lemma 
encoding and decoding pair ,2?) will give 

(TO+l)Fav(r)-l 



ensures that the same 



> 



1)(1 -£') - 1 



= 1 - 



m 
1 



> 



TO 

1 - 2e'. 



(82) 



Therefore, i?£|2,,(AA)>Q(^),,(AA). 



References 

[1] A. Holevo, Problems in the mathematical theory of quantum commu- 
nication channels, Reports on Mathematical Physics, vol. 12, no. 2, p. 
273-278, Oct. 1977. 

[2] A. S. Holevo, The capacity of the quantum channel with general signal 
states, IEEE Transactions on Information Theory, vol. 44, no. 1, p. 269- 
273, Jan. 1998. 

[3] B. Schumacher and M. Westmoreland, Sending classical information via 
noisy quantum channels. Physical Review A, vol. 56, no. I, p. 131-138, 
Jul. 1997. 

[4] S. Lloyd, Capacity of the noisy quantum channel, Physical Review A, 

vol. 55, no. 3, p. 1613-1622, Mar. 1997. 
[5] P. W. Shor, The quantum channel capacity and coherent information, 

MSRI workshop on quantum computation, 2002. [Online]. Available: 

http://www.msri.Org/publications/ln/msri/2002/quantumcrypto/shor/I/ 
[6] I. Devetak, The private classical capacity and quantum capacity of a 

quantum channel, IEEE Transactions on Information theory, vol. 51, 

no. 1, p. 44-55, Jan. 2005. 



[7 
[8 
[9: 

[lo: 
[11 

[12 
[13 

[14: 

[15 

[16; 

[17 
[18 

[19: 
[2o: 

[21 

[22: 

[23 

[24: 

[25 

[26: 

[27 
[28 

[29: 

[3o: 

[31 
[32 

[33 
[34 
[35 

[36: 



G. Smith and J. Yard, Quantum Communication with Zero-Capacity 
Channels, Science, vol. 321, no. 5897, p. 1812-1815, Sep. 2008. 

M. B. Hastings, Superadditivity of communication capacity using en- 
tangled inputs. Nature Physics, vol. 5, no. 4, p. 255-257, Mar. 2009. 
C. H. Bennett, P W. Shor, J. A. Smolin, and A. V. Thapliyal, 
Entanglement-assisted capacity of a quantum channel and the reverse 
Shannon theorem, IEEE Transactions on Information theory, vol. 48, 
no. 10, p. 2637-2655, Oct. 2002. 

A. S. Holevo, On entanglement-assisted classical capacity. Journal of 
Mathematical Physics, vol. 43, no. 9, p. 4326-4333, Aug. 2002. 
M. Hsieh, I. Devetak, and A. Winter, Entanglement-Assisted Capacity of 
Quantum Multiple-Access Channels, IEEE Transactions on Information 
theory, vol. 54, no. 7, pp. 3078-3090, Jul. 2008. 

I. Devetak, A. W. Harrow, and A. Winter, A Family of Quantum 
Protocols, Physical Review Letters, vol. 93, no. 23, Dec. 2004. 
I. Devetak, A. W. Harrow, and A. J. Winter, A Resource Framework for 
Quantum Shannon Theory, IEEE Transactions on Information theory, 
vol. 54, no. 10, p. 4587-4618, Oct. 2008. 

N. Datta and M.-H. Hsieh, The apex of the family tree of protocols: 
optimal rates and resource inequalities. New J. Phys. 13, 093042 (2011). 
L. Wang and R. Renner, One-Shot Classical-Quantum Capacity and 
Hypothesis Testing, arXiv.org, vol. quant-ph. 30-Jul.-2010. 
J. M. Renes and R. Renner, Noisy channel coding via privacy amplifi- 
cation and information reconciliation, ai'Xiv.org, vol. quant-ph. 21-Dec.- 
2010. 

M. Mosonyi and N. Datta, Generalized relative entropies and the capac- 
ity of classical-quantum channels, Journal of Mathematical physics, vol. 
50, no. 7, p. 072104, 2009. 

F. Buscemi and N. Datta, The Quantum Capacity of Channels With 
Ai'bitrai'ily Correlated Noise, IEEE Transactions on Information theory, 
vol. 56, no. 3, p. 1447-1460, Mar. 2010. 

N. Datta, Y. Suhov, and T. C. Dorlas, Entanglement assisted classical 
capacity of a class of quantum channels with long-term memory. 
Quantum Information Processing, vol. 7, no. 6, pp. 251-262, Nov. 2008. 
N. Datta and T. C. Dorlas, The coding theorem for a class of quantum 
channels with long-term memory. Journal of Physics A: Mathematical 
and Theoretical, vol. 40, p. 8147, Jul. 2007. 

I. Bjelakovic and H. Boche, Classical Capacities of Compound and 
Averaged Quantum Channels, IEEE Transactions on Information theory, 
vol. 55, no. 7, pp. 3360-3374, 2009. 

I. Bjelakovic, H. Boche, and J. Ntzel, Quantum capacity of a class of 
compound channels. Physical Review A, vol. 78, no. 4, Oct. 2008. 
M. Nielsen and I. Chuang, Quantum Computation and Quantum Infor- 
mation. New York: Cambridge University Press, 2000. 
N. Datta, Min- and Max-Relative Entropies and a New Entanglement 
Monotone, IEEE Transactions on Information theory, vol. 55, no. 6, p. 
2816-2826, Jun. 2009. 

M. Tomamichel, R. Colbeck, and R. Renner, Duality Between Smooth 
Min- and Max-Entropies, IEEE Transactions on Information Theory, vol. 
56, no. 9, p. 4674-468, Sep. 2010. 

M. Tomamichel, R. Colbeck, and R. Renner, A Fully Quantum Asymp- 
totic Equipartition Property, IEEE Transactions on Information theory, 
vol. 55, no. 12, p. 5840-5847, Dec. 2009. 

R. Renner, Security of Quantum Key Distribution, Ph.D. Thesis, ETH 
Zurich, Dec. 2005. 

R. Konig, R. Renner, and C. Schaffner, The Operational Meaning of 
Min- and Max-Entropy, IEEE Transactions on Information theory, vol. 
55, no. 9, pp. 4337-4347, 2009. 

A. Uhlmann, "The 'transition probability' in the state space of a *- 
algebra," Rep. Math. Phys., 9:273-279, 1976. 

H. Barnum, E. Knill, and M. A. Nielsen, On Quantum Fidelities and 
Channel Capacities, IEEE Transactions on Information theory, vol. 46, 
no. 4, pp. 1317-1329, 2000. 

C. Adami and N. Cerf, von Neumann capacity of noisy quantum 
channels. Physical Review A, vol. 56, no. 5, p. 3470-3483, Nov. 1997. 
M. Berta, M. Christandl, and R. Renner, The Quantum Reverse Shannon 
Theorem based on One-Shot Information Theory, arXiv.org, vol. quant- 
ph. 20-Dec.-2009. 

F. Dupuis, M. Berta, J. Wullschleger, and R. Renner, The Decoupling 

Theorem, arXiv.org, vol. quant-ph. 29-Dec.-2010. 

F. Dupuis, The decoupling approach to quantum information theory, 

Ph.D. Thesis, Universite de Montreal, Nov. 2009. 

A. Gilchrist, N. K. Langford, and M. A. Nielsen, "Distance measures to 

compare real and ideal quantum processes," Phys. Rev. A, 71:062310, 

2005. 

D. Kretschmann and R. F. Werner, "Tema con variazioni: quantum 
channel capacity," New Journal of Physics, vol 6, p. 26, 2004. 



